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1. INTRODUCTION 
It is easy to show that every function of two integer variables can assume 
the form of a (2-dimensional) infinite matrix. In this paper we shall convert 
classes of functions that have evolved from the Catalan numbers into 
corresponding classes of infinite matrices to obtain some special groups 
and rings. One of these classes of infinite matrices is a rich source of special 
structures, and hence can be considered to be “special.” 
The relationship between this “Special Class of Infinite Matrices” and the 
Catalan numbers can be found in the family tree of direct descendants of 
the Catalan numbers as portrayed in [2]. An updated version of this tree 
(that includes the more recent offspring structures) appears as a chart in 
the Appendix. 
2. PRELIMINARIES 
Throughout this paper c, d, k will represent nonnegative integers and 
each upper case italic symbol will represent an infinite matrix. In par- 
ticular, we shall let 
w= [ wg 
and shall interpret it as the infinite matrix with WY in its (c + 1)th row and 
(k + 1)th column. Moreover, we shall call q the corner element of W and 
shall replace W with other upper case symbols. The symbol I will be reser- 
ved for the infinite identity matrix, and hence we can now conclude that 
Z: = a,., (Kronecker-delta). 
Our development will revolve about pairs of complex-valued functions 
(Sy , f?!) in which S satisfies 
SY+,= 1 S{.Bk, i (2.1) 
, = 0 
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when B satisfies 
and Bz = Sko. (2.2) 
If both (2.1) and (2.2) hold, we shall call 
Br a (nontrivial) binomial function, 
St a Sheffer function relative to B$ 
B a binomial function matrix, 
s a Sheffer function matrix relative to B. 
For example, cJ(.~, the binomial coefficient (f), and ck/k! are all binomial 
functions as well as Sheffer functions. In fact every binomial function is a 
Sheffer function relative to itself, as indicated in the following (trivial) 
lemma. 
LEMMA 2.1. (a) The binomial function B: is a Sheffer function relative 
to B;. 
(b) The binomial function matrix B is a Sheffer function matrix 
relative to B. 
Some other consequences of the definitions are listed in 
LEMMA 2.2. Let S be a Sheffer function matrix relative to B. 
(a) S is determined by] {Sj,ljZ 0} and B. 
(b) If Sb 3 0, then S = 0 and hence B is arbitrary. 
(c) B is unique when S # 0. 
(d) S= B when S;=S,,. 
(e) AS is a Sheffer function matrix relative to B when ;i is a complex 
number. 
Proof: Parts (a), (b), (d), and (e) follow directly from the definitions. 
To establish (c), let S# 0. Then Si, f 0 and hence there exists an m such 
that St # 0 and Si, = 0 when 0 <j < m - 1. Now assume that S is relative to 
both B and B. Then 
Sy=S,mB;=S;;&? and therefore Bz = BP. 
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If B:=@when Obh<k-1, then 
and therefore Br = gf. Hence, finite induction can be used to show that 
B= B. 
If (2.1) holds and B satisfies (2.2) as well as 
By=0 and B; #O, (2.3) 
we shall say that Bt, S:, B, and S have the Stirling property (since the 
Stirling numbers of both the first and second kinds have this property) and 
shall call them BFSP, SFSP, BFMSP, and SFMSP, respectively, where 
BF, SF, M, and SP are binomial function, Sheffer function, matrix, and 
Stirling property, respectively. It is easy to show that I is a BFMSP as well 
as an SFMSP. 
We have now introduced the special class of infinite matrices referred to 
in the title of this paper, and the reader with good ESP will have guessed 
that it is the collection of all SFMSP. It turns out that elements from this 
collection provide the ingredients for a variety of special groups and rings. 
We shall develop some of these structures in the next two sections. 
3. A SPECIAL GROUP 
In this section we shall show that the set of SFMSP with nonzero corner 
elements is a multiplicative group. Since the associative and identity 
properties are immediate, we need to focus our attention on the closure 
and inverse properties. The following three lemmas will play key roles in 
the establishment of these two properties. 
LEMMA 3.1. If S: is an SFSP relative to Bt, then 
(a) Sf=O when c>k, 
(b) S; = S;(B;)k, 
and hence S is an upper triangular matrix. 
Proof. (a) Since 
Sf+,= 5 SJ,. By-’ and B’: = 0, 
/=O 
(3.1) 
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(a) holds when k = 0. If S;. = 0 when 0 <j 6 k - 1 < c, then (3.1) yields 
k-l 
sg,, = c sl,.B;-‘=O whenc+l>kal. 
j=O 
Hence, the desired result follows by induction. 
(b) We observe that (b) holds when k = 0. If k > 1, then (3.1) yields 
s+=,y-’ B’ 
h k-l I 
with the aid of (a). The desired result now follows by induction. 
LEMMA 3.2. !f Bt is a BFSP, then 
(a) Bf = 0 when c > k, 
(b) B;=(B;)k#O, 
and hence B is an upper triangular matrix in which all diagonal elements are 
nonzero. 
Proof: If we replace S by B in Lemma 3.1 and use both (2.2) and (2.3), 
we obtain both (a) and (b) with the aid of Lemma 2.1(a). 
LEMMA 3.3. The set of all BFMSP is a group (with respect to matrix 
multiplication), and will be called the binomial group. 
Proqf This result follows from Lemma 7.3.1 in [2]. (Alternatively, 
“brute force” could be used.) 
Henceforth we shall let symbols such as 
SB and TB 
represent SFMSP relative to B and B, respectively. These symbols serve as 
the missing link between the above lemmas and the closure property; for 
the above lemmas can help us to obtain the following formula, and hence 
the closure property. 
LEMMA 3.4. S, Ts = (ST),E. 
Proqf: If S = S, and T = Tg, then 
W-t+,= 1 %,T; 
j20 
= 2 (ST)y(B@;-m 
??I=0 
409/123/2-3 
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(by Lemmas 3.1(a) and 3.2(a)) and BE is a BFMSP (by Lemma 3.3); and 
the desired result now follows. 
The above result leads us to the next two lemmas. 
LEMMA 3.5. S,I, = I,S, = S,. 
LEMMA 3.6. The set c!f’ all SFMSP is a monoid (with respect to matrix 
multiplication). 
We would now have the desired group if we had the necessary inverses. 
It is easy to show that the inverse matrix (S,) ’ does not exist when 
Sz = 0. On the other hand, if 5’: # 0, then S, is an upper triangular matrix 
in which all diagonal elements are nonzero (by Lemma 3.1) and hence 
(St%-’ exists. It is not immediately evident that this inverse matrix 
qualifies as an SFMSP: but it does (as demonstrated in Lemma 7.4.3 of 
[2] ). Hence, if Si # 0, there exists a BFMSP B such that 
(5-J’ = Sg’ 
and therefore 
S,SB ’ = (SS -‘)& = ZeB 
(by Lemma 3.4) and 8= BP’ (by Lemmas 2.2(d) and 3.3). We thus have 
the following inverse property. 
LEMMA 3.7. (S,) ’ = S;J, when 5’: # 0 
Our objective has now been achieved, for Lemmas 3.4, 3.6, and 3.7 
provide the desired result which follows. 
SHEFFER GROUP THEOREM. The set of all SFMSP with nonzero corner 
elements is a group (with respect o matrix multiplication), and will be called 
the Shcffk group. 
As may be expected the Sheffer group has a variety of subgroups. We 
can show this by letting { W,} represent a subset of the Sheffer group and 
then finding suitable ways of restricting W and B. A search that yields the 
following: 
(1) W=B, 
(2) B is in a fixed subgroup of the binomial group, 
(3) fl= 1, and 
(4) all Wt are in a fixed subfield of the complex numbers, 
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helps to uncover 11 different types of subgroups of the Sheffer group. More 
specifically, (1) provides the binomial group, (3) provides a normal sub- 
group that contains the binomial group, and the “11 different types” con- 
sists of all combinations (and hence all intersections) except the four that 
involve both (1) and (3). Perhaps a further exploration of the Sheffer group 
and its subgroups will yield some gems. 
4. MIRE CONCRETE STRUCTURES 
If B is a fixed binomial function matrix, it is easy to show that the collec- 
tion of all Sheffer function matrices relative to B is an Abelian group with 
respect to matrix addition as well as a complex vector space. To convert 
this group into a ring (when B is a BFMSP), we shall need to have 
SB T, = (ST), (4.1) 
when S and T are any SFMSP relative to B and hence 
B2 = B (4.2) 
(by Lemmas 3.4 and 2.2(c)). Now, Lemma 3.3 can be used to show that 
(4.2) will hold iff B = I. 
If S = S,, then 
,:;+L 1 ,q,I;+“-~=$, 
j=O 
and hence we have the following result: 
LEMMA 4.1. Sr+&=Sg when S=S[. 
This lemma plays a key role in the establishment of an isomorphism 
between the set of all SFMSP relative to I and the set of all complex formal 
power series. By letting 
{ FPS} = {complex formal power series}, 
the desired isomorphism can be stated as follows: 
THEOREM 4.1. { W,} is (ring) isomorphic to { FPS}. 
Proqf: Let the functionf: { W,} + { FPS} be defined by 
f(W)= 2 Wix’. 
ia0 
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If S = S, and T= T,, then S + T and ST are both in { W,}; and hence 
f(S+ T)= c (S:,+ T+‘=f‘(S)+f(T) 
, 2 0 
and 
,f( ST) = c (ST& x’ = c f: St Ti x’ 
, 2 0 , > 0 h = 0 
= c c S; T;+m~h+m 
h 2 II m 2 0 
=/Ix, S6 xh ,nx” T; xm = .f(S) .f( T) 
I, 
(by Lemmas 3.1 (a) and 4.1). Since f‘ is bijective (by Lemma 2.2(a)), the 
desired isomorphism now follows. 
Since the ring of { FPS} is an integral domain (e.g., see [ 
Theorem 4.1 and [ I] help to provide the following corollaries. 
1, p. 873 I)> 
COROLLARY 4.1.1. { W,} is an integral domuin. 
COROLLARY 4.1.2. { W, ) WA = 0) IS (I commutative ring with no divisors 
of’ zero that serves as an ideal I$ { W,}. 
COROLLARY 4.1.3. { W, 1 w’; # 0} is an Abelian group (with respect to 
mutrix multiplication) that serves as a normal subgroup qf the Sheffer group. 
Since{ W,} is a complex vector space, Corollaries 4.1.1 and 4.1.2 also 
provide us with special complex linear algebras. Moreover, since { W, 1 B is 
fixed} is an Abelian group with respect o matrix addition and 
S, T, = (ST), (4.3) 
(by Lemma 3.4) we can now establish an infinite class of special modules 
in which both the “vectors” and “scalars” are upper triangular infinite 
matrices. 
THEOREM 4.2. ( W, 1 B is fixed} is a module over the ring of { W,}. 
Proc?f: Since { W, I B is fixed} is an Abelian group with respect to 
matrix addition and we already have (4.3), it is only necessary to show 
SAT,+ UB)=S,TR+S,UB, 
(S, + T,) U, = S, U, + T, U,, 
S,(T,U,)= (S,T,) U,. 
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This is easy to do, since the first two are consequences of matrix dis- 
tributivity and the last one follows by the joint use of Lemmas 3.4 and 3.6. 
Hence, the proof is now complete. 
The modules in the above theorem are “unital” (by Lemma 3.5), and are 
the last structures to be developed in this paper. 
5. EPILOGUE 
We can now use Appendix Fig. 1 to review the family tree of the various 
structures that we have brought into the arena. (Information concerning 
the ancestors of the creatures in this paper can be found in [a].) 
In this chart, the circles contain the structures, the rectangles contain the 
creatures (both functions and their corresponding matrices) that gave birth 
AG : 
BF : 
CBF : 
CF : 
CN : 
CR : 
GP : 
ML : 
MN : 
SF : 
SF : 
vs : 
APPENDIX FIG. 1. Structures that arise from the Catalan numbers and the binomial 
functions. Using a family tree where the circles contain the structures and the rectangles con- 
tain the creatures that gave birth to them, we show the evolution. 
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to them, and if there is an edge from a “lower collection” to an “upper 
collection” we shall say “the lower collection is a parent of the upper collec- 
tion.” With this interpretation we observe that the CN and the BFSP are 
jointly responsible for the CBF, which in turn is responsible for the CF, 
which in turn is responsible for the SF and hence the SFSP. 
As expected, the chart shows that the special class of infinite matrices 
(SFMSP} is a rich source of special groups and rings. Although some 
of these structures may be well known, perhaps their development in 
Sections 3 and 4 will provide new insights. 
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